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Abstract 

We explore the consequences of a set of axioms which extend Scarsini's ax- 
ioms for bivariate measures of concordance to the multivariate case and exhibit 
the following results: (1) A method of extending measures of concordance from 
the bivariate case to arbitrarily high dimensions. (2) A formula expressing the 
measure of concordance of the random vectors (i-Xj., • • • , ±X n ) in terms of the 
measures of concordance of the "marginal" random vectors (X^ , ■ ■ ■ , Xi k ). (3) 
A method of expressing the measure of concordance of an odd-dimensional cop- 
ula in terms of the measures of concordance of its even-dimensional marginals. 
(4) A family of relations which exist between the measures of concordance of 
the marginals of a given copula. 
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1 Introduction 

Scarsini proposed axioms for a bivariate measure of concordance in [10] . The question 
of extending such axioms to a multivariate setting is a natural one and was explicitly 
raised in [9]. Adding substance to this question, plausible generalizations of well- 
known bivariate measures of concordance, such as Spearman's rho and Kendall's tau, 
were given in [I], [2], [6], [9], and [13]. 

As possible answers to the question, axioms for multivariate measures of concor- 
dance were proposed in [2] and [12] . The axiom set of [2J is essentially a subset of 
[12] ; the second set contains two extra axioms and is far more restrictive. 

This present work should be viewed as a continuation of [12]. The purpose of that 
paper was to present its axiom set, to give justifications for the axioms, and to show 
how particular functions which had been proposed in the literature as multivariate 
measures of concordance either satisfied or failed to satisfy the axioms. In the present 
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work, by developing some of their consequences, we seek to show that the axiom set 
of [12] leads to a theory which is both rich and interesting. 

What is a measure of concordance? We give a rough and incomplete answer. 

Let (Xi, ■ ■ ■ ,X n ) be a random vector where each Xi is a continuous random 
variable. Intuitively speaking, we want a measure of concordance to be a function k 
operating on such continuous random vectors to produce a real number k(Xi, • ■ ■ , X n ) 
that indicates the tendency of all the X^s to be simultaneously "large" or simulta- 
neously "small." We want the largest value of k(Xx, ■ ■ ■ ,X n ) to be 1 and to occur 
when each Xs IS cL.S. cl monotone increasing function of every other Xj\ that is the 
state of maximum concordance. If the Xj's are independent, then we want to have 
k(Xi, ■ ■ ■ ,X n ) = 0; this is total lack of concordance. If k{X\, ■ ■ ■ ,X n ) is negative, 
we shall say that (X 1; • • • , X n ) is discordant. 

To be more specific, the axioms of [2], [10], and [12] lead to measures of concor- 
dance that operate on the n-copula C of {X\, ■ ■ ■ ,X n ) rather than on the random 
vector itself. We assume familiarity with the concept of a copula but touch very 
briefly on some of its most salient characteristics: 

The copula C of • • ■ , X n ) is the function C : I n — > I, where / = [0, 1], which 
satisfies 

C(F 1 (x 1 ), ■ ■ ■ ,F n (x n )) = F(xi, ■■■ ,x n ) 

where Fi is the distribution function of Xi and F is the joint distribution function of 
(Xi, • • • , X n ). Each n-copula C is uniquely associated with a probability measure \ic 
on I n satisfying 

Hc{P x A x /«) = X(A) and ^c([0,h] x • • • x [Q,t n ]) = C(h, ■ ■ ■ ,t n ), 

where p + q = n — 1, A is a Borel set of /, and A (A) is the 1-dimensional Lebesgue 
measure of A. If Cop(n) is the set of n-copulas, then two standard elements of Cop(n) 
are M and II which are defined by 

M(ti, ■ ■ ■ ,t n ) = min(*i, • • • ,t n ) and II(<i, • • • , t n ) = t x ■ ■ ■ t n . 

In line with our earlier comments, we shall require our measures of concordance to 
satisfy 

re(M) = 1 and «(II) = 0. 

Standard references for copulas are [8] and [TT] . 

Now in this present work, we devote a considerable part of our time — the next two 
sections — to developing special notations. This is largely occasioned by the fact that 
we deal so much with symmetries of the n-dimensional cube I n acting on copulas and 
with marginals of copulas, that we therefore need a good means of keeping track of 
indices under various transformations of copulas. We also need a special notation for 
certain expressions involving measures of concordance of marginals of copulas because 
these expressions and variants of them occur again and again. 

Once we have our special notations, in the next-to-last section, we derive inter- 
esting properties of copulas: 
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• Every bivariate measure of concordance in Scarsini's sense can be extended to 
a multivariate measure of concordance satisfying our axioms. 

• A formula is given which takes a copula C subjected to a "reflection" of I n 
to produce a new copula £*(C) and computes the measure of concordance of 
the new copula in terms of the measures of concordance of the marginals of 
C. To restate this idea in terms of random variables, suppose we are given a 
random vector (eiX l5 • • • , e n X n ) where each X, is a continuous random variable 
and each = ±1. Then a formula is developed that expresses the measure of 
concordance of (eiXi, • • • , e n X n ) in terms of the measures of concordance of the 
random vectors (X^, • • • , X ik ) where 1 < k < n and i ± < • • ■ < i k . 

• A numerical relation is shown to exist between measures of concordance of 
"complementary" marginals of a copula C . 

• The measure of concordance of any odd- dimensional copula C is expressed as 
a function of the measures of concordance of the even- dimensional marginals of 
C. 

• An "asymptotic" result is given, the measure of concordance of (X 1: • ■ ■ , X n ) 
being calculated as n — > oo when Xj = —X 1 for a fixed number s of the Xj's 
and all the other X; = X x . 

It can be seen from the development given here that we are left with a number of 
interesting questions about measures of concordance. We avail ourselves of the last 
section to raise a few of those questions. 

2 The space V(I n ) and symmetries of I n 
2.1 Inequalities and rectangles 

It will be convenient for us to extend the notation for inequalities and intervals to an 

n-dimensional setting. If CO ^ CO 1 ^ ^ CO <y^ 

) and y = (y 1 , ■ ■ ■ ,y n ) are points in J™ (or 
IR n ), then by x < y we mean Xi < yi for % — 1, • • • , n. Likewise, x < y means Xi < yi 
for i — 1, • • • , n, and we attach analogous meanings to x > y and x > y. Later, when 
dealing with random vectors X = (Xi, • • • , X n ) and Y = (Yi, • • • , Y„), we will feel 
free to use notations such as X < Y, X > Y, etc. in the sense indicated here. If 
x < y, we shall also make use of extended interval notations to describe n-dimensional 
rectangles. For example, [x, y] will denote the n-dimensional (possibly degenerate) 
rectangle [zi,yi] x ••• x [x n ,y n ], and [x,y) will denote x ••• x [x n ,y n ). We 

shall use [0, x] and [x, 1] (and other fairly obvious variations on this notation) to mean 
[0, xi] x • • • x [0, x n ] and [x 1: 1] x • • • x [x n , 1], etc. 
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2.2 Symmetries of the unit n-cube 

Let I = [0,1]. By I n we mean, of course, the n-fold cartesian product of the unit 
interval with itself, Ix ■ ■ ■ xl. By a symmetry of I n we understand a one-to-one, onto 
map £ : I n — > I n of the form 

£(xi, ■■■ ,x n ) = («x, • • • ,M n ) 

where for each i 



where (fci, • • • , fc n ) is a permutation of (1, • • • , n). By S(I n ) we mean the group of 
such symmetries under the operation of composition. 

We say that £ is a permutation if for each i we have U; L = x^ and is a reflection 
if for each % we have Ui = X{ or 1 — Xj. The sets of permutations and reflections 
constitute subgroups of S[I n ) that we label V n and 7£ n respectively. 

If r : J n — > 7 n is the permutation r(xi, • • • , x n ) = (x^,--- ,Xfc n ), then it is 
uniquely associated with the permutation 



of {1, 2, • • • , n}, and we use the symbol t' for this second permutation as well. Thus 




(!,-•• ,n) i-> (k 




r(xi, ■ ■ ■ ,x n ) = (x T '(i), • • • ,av(n))- 



It is straightforward to show the following: 



Proposition 1. If t and p are permutations of I n , then 




We define the elementary reflections a±, 02, • • • ,a n by 




By a n we mean the reflection 0\02 • • • o~ n ; that is, 



o- n (xi, • • • , x n ) = (1 - xi, ■ • • , 1 - x n ). 



If the choice of n is clear, we shall write a for a n . 
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It should be noted that TZ n is an abelian group, though the same is not true for 
either the group of symmetries of I n or the group of its permutations. Further, every 
symmetry £ of I n has a unique representation of the form ■ ■ ■ Oi h r (and another of 
the form r'a^ • • • (jj k ) where r is a permutation and i\ < ■ • • < i^. Because of this we 
can define 

|£| = the length of £ = k. 

Informally speaking, |£| is the minimum number of elementary reflections needed to 
write £. 



2.3 Extended marginals of functions 

For n a natural number, define n = {1,2,- •• , n}. Now for every SQn, define a 
transformation x i— > x s of an element of I n to a new element of I n thus: If x — 
(xi, • • • , x n )<El n , then 



xs = (ui,--- , u n) where u { 



1 if i e S, 
Xi if « 5. 



For instance, if n = 5 and 5 = {1,4}, then x = (xi, x 2 , x 3 , x 4 , x 5 ) becomes xs = 
(l,x 2 ,x 3 , l,x 5 ). 

For every function / : I n — > R and 5 C n, we can define a new function fs'-I n ^ 
R by 

/,!•'•) = /!•'•,)• 

We will use the symbol 1™ for the constant map f(x) = 1. Notice that = 1™ for all 
S Cn. It is easily seen that for any / : I n — > R there must be a maximal set 5 C n 
with the property that / = fs- In some cases this maximal S will be 0. We will 
call this maximal S the inactive set of /, and when considering f(xi, ■ ■ ■ ,x n ) where 
(xi, • • ■ , x n ) G I n , we will call X; t an inactive variable of / if i G S. We refer to n — S 
as the active set of / and as an active variable of / if i S. 

Example 1. If / : I 5 — > R is /(xi, ^2, X3, X4, X5) = X\x 2 , then the inactive set of / is 
{3, 4, 5} and the active variables of / are x\ and x 2 . 

Note 1. We will occasionally find it convenient to use the notation / <g) g when 
/ and g are two real-valued functions. If / : D\ — > R and g : D 2 — > R, then 
/ ®gi : -Di x D 2 - R is defined by (f <8>g)(x,y) = f(x)g(y) where a; G D 1 and y G i?2- 

The following are easily seen to be true: 

Proposition 2. Suppose that f,g:I n ^R, that S, T C n with s = card(S), and 
that x G I n . Then 

(1) fs(x) = f s (x s ). 
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(2) (fs)r = fsuT- 



(3) If S is the inactive set of f , then there exists a permutation r of I n and a unique 
function g : I n ~ s — > R such that 

(a) r /_1 is order preserving onn — S, 

(b) r'-^n - S) = {1, 2, • • • , n - s} = 

(c) f=(g®V)o T , 

(d) all the variables of g are active. 

We call the unique g in the last part of this proposition the proper function of / 
and r a proper permutation of /. 

Example 2. Suppose that / : I 5 — > R is a 5-copula. Then the active set of / is 
{1,2,3,4,5} and its inactive set is 0. Now let us take S = {1,4} and form fs. The 
active set of fs is now {2, 3, 5} and the inactive set is S. The proper function of fs is 
#(^2,^3,^5) = f(l,X2,X3, 1,2:5) which is a 3-copula. If we take r : I 5 — > J 5 to be the 
permutation r(xi, X2, X3, X4, X5) = (#2, £3, #5, #i, #4), then we see that /s = ((7®l 2 )or, 
that r /_1 ({2, 3, 5}) = {1, 2, 3}, and that r /_1 is increasing on the active set of fs- 

Let V(I n ) be the set of continuous / : I n — > R having the property that there 
exists a signed measure \Xf on B(I n ), the a-algebra of Borel sets of J n , such that 
/x/([0,x]) = f(x). (Recall that [0,x] denotes an n-dimensional rectangle, possibly 
degenerate, in I n .) The following is easily seen to be true: 

Proposition 3. (1) V(I n ) is a vector space under pointwise addition and multipli- 
cation by real scalars. 

(2) V(I n ) contains all the n-copulas. 

(3) V(I n ) is closed under the operation f i-> f s . 

If / : I n — > R and s = card (S), then we call fs an extended (n — s) -marginal of f. 
This notion is inspired by that of the marginals of a probabilistic distribution function. 
However it differs from that notion in that a marginal of a probabilistic distribution 
usually operates on fewer variables than the original distribution function. Here, if fs 
is an extended marginal of / G V(I n ), then / and fs both have I n as their domain. 

For example, if / is an element of V(I 5 ) and S — {1, 3}, then 

h, h, £ 4 , £5) = /(I) h, 1, £4, h). 
For this particular marginal we also feel free to write 

fs — fl3, 
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and, more generally, if S — ■ ■ ■ ,i s } where i\ < • • • < i s , we write 

fs fi\—i a ■ 

We will often have occasion to write fa for fyy. 

Note 2. The spirit of this notation is opposite to that in some other work for 
marginals of probability distribution functions. For example, [7] and [8]. Where 
we used /i 3 for a particular marginal of / just above, other works would denote the 
same marginal /24s • Hopefully this will spare the reader some confusion. 

Every f'EV(I n ) induces a signed measure [if on (/",£>(/")), where B(I n ) is the 
cr-algebra of Borel sets of I n , via the equation 

/i/([0,x]) = f(x). 

(Recall here that [0, x] denotes an n-dimensional rectangle, possibly degenerate, in 

r.) 

It may be enlightening to see how /i/ and fif s compare. 
Example 3. Let n = 2 and S = {2}. For x = (xi, x<i) in J 2 we have 

/^/s([M) =/ i /s([° ) a; i] x [O^a]) = /(^i,l) =/i/([0,Xi] x [0,1]). 

Notice that if we let X2-^0 + , we obtain 

/i/^M x {0}) = f(x u 1) = ///([O,^] x [0, 1]). 

That is, all the signed /i/ s -mass of [0, x] is located in the horizontal line segment 
[0,Xx] x {0}, and that mass results from "squashing" the /z/-mass of [0,xi] x / onto 
the line segment [0, Xi] x {0}. 

It is easily seen that more generally we may say the following: 

Proposition 4. Suppose f e V(I n ) and S C n. Let Ex,-- - ,E n ,Fi,-- - ,F n be 
(possibly degenerate) intervals in I of the form [Q,u]. Then 

H fs (Ft x • • • x F n ) = n f (Et x ■ ■ ■ x E n ) 

provided that 




Fi when i ^ S, 
I when i G S. 
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2.4 The action of symmetries on functions 

For £ a symmetry of I n and feV(I n ), we define a map £* : V(I n ) — > \^(/ n ) by 

[r(/)](*) = A*/(«M)). 

In addition to considering f$ where S C n, we shall find it convenient to be able 
to refer to o~g(f). What we mean by that is this: Suppose S = • • ■ ,ik} Q n 

where the i/s are distinct. Then 

Proposition 5. Lett;, r},andr be symmetries of I n and f and g be elements ofV(I n ). 
Let S and T be subsets ofn. Then the following hold: 

(1) (f o v y(f) = rf (£*(/)); that is, (f o v )* = tj* o £*. 

(2) £* : V(I n ) — > V(/ n ) zs a linear transformation. 

(3) t*(/) = f or if r is a 'permutation of l n . 

(4) (t*(/))s = T*(f T - 1(5)) if r is a permutation of I n . 

(5) fiO(7i= fi. 

(6) (<T 1 )*(/) = (/ i -/)o ff , 

(7) ((*s)*(/))t = (K-t(/))t- 



(9) E ((r(/))oOW = /*/(^) tfse(0,l]» 

Proof. ([I]) We know from the definition of £*(/) that ^*(/)([0, x]) = /z/(£([0, x])). 
Since sets of the form [0, x] generate B(I n ), it follows that /i^*^f\(E) = /jLf(£(E)) for 
every Borel set E oi I n . Then 

[??*(£*(/))](*) = Me(/)MM)) = /v(M(M)) = 

We show first that £ distributes over sums. For x G J™ we have 

^/+ S ([M) = (f + g)(x) 
=f(x) +g(x) 

=/i/([0,x]) +// 9 ([0,x]). 
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From this it follows that /x/+ g = /// + /z 9 . Then 

e{f + g){x) = n f+g {t([o,x])) 

=^(£(M))+/^(£(M)) 

=£•(/)(*) +r(»)(s). 

Next we show that multiplication by a scalar a commutes with £. Note first that 
[M af ([0,x]) = (af)(x) = a(f(x)) = afi f ([0.x]), 
so that fjL a f = afif. Then 

C(af)(x) = // a/ (£([0,x])) = OAi/CedO.x])) = af (/)(x). 

d2J) If r is a permutation of J™ and i6f, then 

r*(/)(x) = M/(r([0,x])) = A*/([0,r(x)]) = f(r(x)). 

(jlj) It is easily checked that for a permutation r of J n and x & I n one has r(xs) = 
(r(x)) T r-irs)- It then follows that 

(r*(f)) s (x) = T*(f){x 8 ) = f(r(x s )) = f ((r(*)) r ,- 1(5) ) 
= ((/r'-i(S)) or)(x) = r*(/ T ,-i (5) )(x). 

(J5]) The general argument is easily seen from the case where i = 1. Let x = 
(xi, • • • , x n ) G J™. Then 

fioa x {x) = f((ai(x)) {1} ) 

=/((! -Xi,x 2) --- ,ac n ){i}) 

—/(I) x 2, ' ' ' , X n ) 

=/(z{l}) 

=/!(*)■ 

(jSJ) The general argument is easily seen from the case i — 1. Let x = (xi, • ■ ■ , i n ) G 
J™. Then 

a 1 *(/)( i r) = /i/(ffi([0,x])) 

=fif{[l - xi, 1] x [0, x 2 ] x • • • x [0, x n ]) 

=/i/(J x [0, x 2 ] X • • • x [0, x n ]) - ///([0, 1 - x x ] x [0, x 2 ] x • • • x [0, x n \) 
=/(l, x 2 , ■ ■ • , x n ) - /(l - x u x 2 , ■ ■ ■ , x n ) 

= (/l-/)ot7!(x) 
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where we have made use of part (JSj) of this proposition in the last step. 

(J7|) The general argument can be seen from the particular case S = {1,2} and 
T = {1}. For x — (xi, ■ ■ ■ , x n ) G I n we have 

(°{i,2}(/))i(>) = °l{°l{f)){ l ,X2,--- ,x n ) 

=^<7*(/)(^i([0, 1] x [0,x 2 ] x •■■ x [0,x n ])) 
=Ha»(f)([0, 1] x [0,x 2 ] x ••• X [0,x n ]) 

=to(/))l(s). 

Thus (^| li2} (/))i = (o3(/))i. 

(JSJ) For the case 5 fl T 7^ 0, it suffices to consider 5 = T = {1}. Then by part (jSj) 
we have 

^(/i) = ((/i)i - /1) o a x = (ft - h) o at = 0. 

The case where 5 fl T = can be seen from the particular instance z = 1 and 
j = 2. Let x = (xi, • ■ ■ , x n ) G I n . Then 

K(/)) 2 (X)= ( T 1 *(/)(X {2} ) 

=/i/(cri([0,a;i] x I x [0,x 3 ] x ■ ■ ■ x [0,x n ])) 
=/i/([l - xi, 1] x / x [0, x 3 ] x • • • x [0, x n ]) 
=/i/ 2 (o"i([0, x])) (by Proposition HJ) 
=^(/ 2 )(x). 

([9]) Choose x = (xi, • • • , x n ) G (0, l] n and set 

Ei = {y e I n : y = (yx, ■■■ ,y n ) and ^ = X;} and = U™ =1 ^. 

By the continuity of / and because Xj > 0, we see that fjLf(Ei) = and hence 
H f {E) = 0. 

Choose 2/ = (y%, • • • , j/ n ) G I n such that 7^ Xj for all z. (That is, y ^ .E.) There 
exists a unique reflection £ of I n such that < £(x). 

(Example: Suppose that n = 4 so that x = (xi, x 2 , x 3 , x 4 ), and suppose that we 
choose y = (2/1,2/2,2/3,2/4) such that 

2/1 < x-i, 2/2 > x 2 , 2/3 > x 3 , 2/4 < £4. 

This amounts to 

2/1 < Xi, 1 - 2/2 < 1 - X 2 , 1 - 2/3 < 1 - a?3, 1/4 < Z4. 

Clearly the unique reflection £ such that £(y) < £(x) is £ = cr 2 o"3.) 
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For this unique £ such that £(y) < £(x), we have £(y) G [0,£(x)], that is, y G 
£([0, £(x)]). (Recall here that £ _1 = £ since £ is a reflection.) It follows from the 
argument we have just given that 

I n — E C U £([0, £(*)]). (1) 

q £ /v-n 

Now suppose £ and 77 are two reflections of I n such that £ 7^ 77. There must be 
some z such that if £(«i, • ■ • , w n ) = (f 1, • ■ ■ , f n ) and rj(ui, ■ • ■ , u n ) = (wi, • ■ ■ , w n ), 
then f i = Ui and = 1 — Ui (or vice versa). Now choose z G I n such that 

z = (z 1 ,---,2: n )G£([0,£(x)])nr ? ([0,r / (x)]). 

It is easily seen that Zi = Xi so that z G E. We have thus shown that for £ 7^ 77, we 
have 

We now know that sets of the form £([0, £(x)]), as £ ranges over all the different 
elements of lZ n , do not overlap except in E. It then follows from ([I]) that 

» f (i n ) = H {r-E) 

= i>/(£([0, £(*)])) 

□ 

3 Measures of concordance and copulas revisited 
3.1 Axioms for a measure of concordance 

We recall from [12] that to say A ~<c B, where A and B are two n-copulas, means 
that A < B and o*{A) < a*{B) where a = a n = aia 2 ■ ■ ■ a n - 

We next recall from [12] that by a measure of concordance k = {{n n }, { r n}) we 
mean a sequence of maps n n : Cop(n) — > R and a sequence of numbers {r n }, where 
n > 2, such that if A, B, C, and C m are n-copulas, then the following hold: 

Al. (Normalization) n n (M) = 1 and n n (U) = 0. 

A2. (Monotonicity) If A -< c B, then K n (A) < K n (B). 

A3. (Continuity) If C m — > C uniformly, then n n (C m ) — > n n (C) as m — > 00. 

A4. (Permutation Invariance) /t„(r*(C)) = K n (C) whenever r is a permuta- 
tion. 
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A5. (Duality) K n (a*(C)) = K n (C). 

A6. (Reflection Symmetry Property; RSP) Yl K n(p*(C)) = where it 
should be recalled that TZ n is the group of reflections of I n . 

A7. (Transition Property; TP) r n n n {C) = n n+1 (E) + K n+1 (a{(E)) whenever 
E is an {n + l)-copula such that C(x\, ■ ■ ■ , x n ) = E(l, xi, ■ ■ ■ , x n ). 

Example 4. We give two examples from [9] of measures of concordance. It is shown 
for both of them in [12] that they satisfy the axioms. 

First is an n-dimensional generalization of Spearman's rho: 

Pn (c) = a n ( I c<m+ [ UdC - 1 



n-l 



2 

where the value of a n is chosen to satisfy p n {M) = 1. From [12J we have 

r = 2 ( 2 "-^ +1 ) ^ 

\n + l) V 2n+1 - {n + 2)J ' 

Second is an n-dimensional generalization of Kendall's tau: 



r n (C) = a n (J^CdC-^j 



where again the value of a n is chosen so that r n (M) = 1. Again referring to [12], we 
have 

' 2 n-l _ i~ 



r n = 2 



2™ - 1 



3.2 Subsets of n 

We will find it useful to introduce a notation which singles out subsets of n of a fixed 
size. 

If S is a subset of n, then either S = or S = ■ ■ ■ ,i s } where %\ < ■ • • < i s . 
For < k < s where s =card (S), then we set 

S(k) = {T : TCS and card (T) = k}. 

It follows that S(0) = {0}, that S(s) = {S} when s =card(S'), and that S(m) = 
when m > card (S). 

Example 5. If R = 4 = {1, 2, 3, 4}, we have 

R(3) = {{1,2,3}, {1,2,4}, {1,3,4}, {2,3,4}}. 
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The following counting results will be useful later. In this lemma and later in this 
paper, when we use the notation R + T, this indicates RUT with the understanding 
that R and T are disjoint. 

Lemma 1. We take n, s to be natural numbers and p, q, r to be nonnegative integers. 
Let S be a subset ofn such that s = card(S), and suppose that {xp} is a set of real 
numbers indexed by {P : P G S(p)}. Then the following hold: 

(1) If p < r < s, then 

E E xp= lIj E xp = lZj E xp - 

ReS(r) PeP(p) v F/ PeS( P ) v 7 PeS(p) 



(2) If q + r < s, then 

' q + r\ ^-^ I q + r 



E E — (VJ E *■={,) E 



Xp. 

ReS(r) T£(S-R)(q) " ' PeS(q+r) s 3 " Pe5(g+r) 



Proof. ([T]) Let A = xp. Every term of A has the property that P G 

PeS(r) PeP(p) 

5'(p). Further, every ip such that P G 5(p) must appear in A. If we consider a 
given P G 5"(p), how many times can xp appear in Al This amounts to asking, how 
many ways can we choose R G S(r) such that P G R{p), or, equivalently, how many 
ways can we choose E-PCS-P such that card(i? — P) = r — p. The answer is 

\r—p) \s—r) ' 

([2]) Let B — ^2 Xp + T- Every term of B has the form xp where 

ReS{r) Te(S-R)(q) 

P G S(q + r). Further, every xp such that P G S(q + r) must appear in B. If 
we ask for a given P how often xp appears in B, this amounts to asking how many 
ways can we choose R and T so that R + T = P and card(i?) = r. The answer is 

(T) = (T)- □ 



3.3 Proper copulas and extended marginals of copulas 

It is occasionally convenient to have 0- and 1-copulas, so we introduce them here. We 
define the unique 1-copula J : I — ► / to be the identity map, J(t) = t, and the unique 
0-copula to be the constant 1. Notice that these are natural marginals of standard 
copulas. 

Let k = ({n n }, { r n}) be a measure of concordance as defined in [12]. If C is an 
n-copula and Cs is an extended marginal of C with s = card (S), then we know from 
part ([3]) of Proposition [2] that C,s = {A <g> I s ) o r for some permutation r of I n and 
that A must be an {n — s)-copula which is uniquely determined provided r /_1 is order 
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preserving on the set n — S. We call A the proper copula of Cs- In such circumstance 
we shall feel free to write K n _ s (Cs) and shall mean K n _ s (A) by this symbol. 

Notice in the definition of measure of concordance that the index n runs from 2 
to oo for the two sequences {n n } and {r n }. We may, if we wish, extend the index 
to n — 0, 1. We simply set kq, k,\ =0 and observe that all the axioms for a measure 
of concordance remain trivially true except possibly the first axiom, Normalization. 
The reason Normalization fails is that there is only one 1-copula, J, and there is only 
a single 0-copula, 1, and these should each be regarded as versions of II; there is 
nothing in dimensions and 1 that corresponds to the copula M. Of course one may 
take the view that the Normalization axiom has the structure of an if-then statement 
and is vacuously satisfied in those dimensions. As for r and r 1; it does not seem to 
matter what values we assign them since they generally wind up multiplied by k,q or 

We now describe the associated proper copulas in more detail. 

Proposition 6. Let C be an n-copula, S be a subset ofn with s = card(S), and A 
the proper (n — s) -copula associated with Cs- Further, let t be the permutation of I n 
connecting Cs and A as described in part (J3]) of Proposition\^so thatCs = {A®l s )or. 
Then the following hold: 

(1) Let ( be a permutation of I n . Then the proper (n — s) -copula associated with 
(*(Cs) is where £' is the unique permutation ofn — s = {1, 2, • • • ,n— s} 
which satisfies 

C o t' o£'(1) < C' ot'o£'(2) <■■•<(' or'of'(n-s). 

(2) If R is a subset ofn such that RDS = 0, then the proper (n — s)- copula associated 
with a* R (C s ) is e*,- HR) (A). 

(3) If s + 1 < n and i G n — S and B is the proper (n — s — 1)- copula associated with 
A T '-i(i), then B is also the proper (n — s — 1) -copula associated with Cs+{i}- 

Proof. We first notice that 

C(Cs)(Xl, • • • , X n ) = Cs(X(>(l), ■ ■ ■ , ^C'(n)) — A( X C'°t'(1), • • • , ^C'oT'(n-s))- 

This tells us that the active set of (*(Cs) is C o r'{n — s). Let £' be the unique 
permutation of n — s which satisfies 

('or'o £'(1) <('o T 'o £'( 2 ) <"-<C'ot'o £'{n - s). 

We then extend £' to the rest of n in any way we wish so that £' becomes a permutation 
of n. We see that 

C*(Cs)(Xi, • • • , X n ) = A(x^or'(l); - " " ) %('oT'{n-s)) 
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—A o £ 1 o ^(x^ot'(1), • • • , X C or' (n-s)) 

= (£ 1 )*(A)(x^ 0T ' 0? /( 1 ), • • • , X£'oT'o£'(n-.s)) 

= (((r 1 r(A)®l s )o(CoroO)(a; 1 ,--- ,x n ). 

If we write the active set of C*(Cs), namely £' o r'{n — s), as ■ • • ,i n -s} where 
%x < - ■ ■ < i n - s , then by the definition of £' we must have ((oro = ^- ft 

follows from this that (£' o r' o £') _1 is order-preserving on the active set of C*(Cs) 
and that 

(C o r ' o £')-* (active set of C*(Cg)) = n=s. 

Referring to part ([3]) of Proposition [2j we see that this means that is the 

proper (n — s)-copula associated with £*(Cs). 

ID We see that 

Tfl(Cs) = ^((t4 ® I s ) o r) = (r o ^)*(^ ® I s ) = (,7 T M (fl) o T )*{A ® I s ). 

Now i? C n — 5, so r /_1 (i?) C r /_1 (rl— 5) = n — s. If we take (xi, ■ ■ ■ ,x n ) a point in 
I n and set 

[0,x k ] if k^r-\R), 

if keT-\R), 



J, 

then we see that 



a* T ,-x {R) (A ® • • • ,x n ) = [i A {J\ x • • • x J n _ s ) = ((t*,-i {K) (A) ® • • • ,x n ). 

Thus 

o£(tf s ) = ® I s )) = (** Tl - HR) (A) ® I s ) o r, 

so that <7*/_i/m(A) is seen to be the proper (n — s)-copula associated with a* R {Cs)- 

d3]) We note that i is a member of the active set of Cg, namely n — 5 = r'(n — s). 
It follows that r /_1 (i) G n — s, hence A T i-iu\ is defined. Set j = r /_1 (i). Let B be the 
proper (n — s — l)-copula associated with A T t-i^y We have 



A T /-i ^ (xi , • • • , Xj—X) Xj j ^j+i i ' ' ' i Xfi) .A (xi , • • • , Xj—i ) 1 j ^j'+i) ? y 



The proper permutation associated with A^-i^) is seen to be 

, A 2 7-1 ? 7 + 

P = 



1 2 ■•■ j — 1 j J + l ■•• n — s — 1 n — s 
1 2 ■■■ j — 1 j + 1 j + 2 ■•• n-s j 

We extend this to a permutation of n by setting p'(k) = k for > n — s. We then 
compute 

(5®l s+1 )opor(ii,-- - ,x n ) = {B ® l s+1 )(x T . op /(i), • • • ,x T / 0/ /(„)) 
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= B(x T i op l(l), ■ ■ ■ ,X T i p'(n-s-l)) 

= B(x T t(i), ■ ■ • , X r /(j_i), X r /(j +1 ), • • • , aV(n-s)) 

= v4j(x r /(i), ■ ■ • , X r /(j_i), X T i(j), X r /(j + i), ■ • • , 3V(n-s)) 

= (^-®l s )(r(x)) 
= (A®l s )((r(x)) m ) 
= (A®V)(t(x {i} )) 
= C s (x {i} ) 
= C s +{i}(x). 

Since r' o p'(l) < r' o p'(2) < • • • < r' o p'(n — s — 1), we see that B is the proper 
(n — s — l)-copula associated with Cs+{i}- □ 

We now want to show that a measure of concordance k acts on a marginal of a 
copula, Ct, in ways that one might expect. It is helpful to first note the easily verified 
fact that if r is a permutation of I n and S C n, then 

r o er T /(s) = 05 o r or, equivalently, r o cr s = a T i-irm o r. (2) 

It may also be helpful to bear in mind that, as was shown earlier, 

if R and S are disjoint, then a* s (C) R = ag(C R ). 

Proposition 7. Let C 6e an n-copula, and suppose R and S are subsets ofn, with 
r = card(R) and s = card(S), such that R fl S = and R U S = n. (Note that 
r + s = n.) Then the following hold: 

(1) If Q is a permutation of l n , then 

K n _ r (C(C R )) = K n - r {C R ) and K n _ r (C(C) R ) = K n _ r (C^-l( R) ) . 

(2) K a (o* s {C R ))=K,{C R ). 

(3) £^K(c«)) = o. 

TCS 

(4) If i En — R = S and 1 < s, then 

r s ^ 1 K s ^ 1 (C R+{i} ) = k s (C r ) + K s (a*(C R )). 

Proof. Throughout this proof we take A to be the proper (n — r)-copula associated 
with C R and r to be a permutation of I n such as described in part (j3J) of Proposition 
E]so that C R = (A <g> V) o r. 
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([T]) We know from Proposition [6] that the proper (n — r)-copula associated with 
(*{Cr) has the form ip*(A) where ip is a permutation of I n ~ r . Then making use of 
the Permutation Invar iance axiom for measures of concordance, we have 

K n _ r {C{C R )) = K n _ r (ip*(A)) = K n _ r (A) = K n _ r (C R ). 

Next we know that (*(C) R = (*(C^-i( R )). Thus, appealing to the first half of this 
proof, we have 

K n-r((C(C) R ) = Kn-riClCc'-^-R))) = ^n-r(C'c'- 1 (i?)), 

and we are done. 

([2]) By Proposition [6] the proper {n — r)-copula associated with a* s {C R ) is 
c*'-i(5)(^4)- Now we know that S = n — R and r'~ l {n — R) = n — r = s, so that 
cr*_i/m(A) = cr|(A). Since A is an s-copula, this means we can use the Duality axiom 
for measures of concordance in the calculation 

K.(p* s (C R )) = K s (a*(A)) = k s (A) = k s (C r ), 

and we are done. 

(12]) Following the notation of the last part, we have 

J2^s(a* T (C R )) = 5^ S «,- 1(T) (A)) = J2k,((t* p (A)). 

TCS TCS PCs 

But as P runs through all subsets of s, we see that ap runs through all the reflections 
of I s , so that by the Reflection Symmetry Property of measures of concordance we 
have 

5>te(^)) = o. 

PCs 

Thus we are done. 

(jlj) Let B be the proper (s — l)-copula for A T i-iuy We know from part ([3]) of 
Proposition [6] that B is also the proper (s — l)-copula for C R+ {ij. By the Transition 
Property for copulas we have 

r s -iK s -i(B) = k s (A) + K s (a*,-i {i) (A)). 

By the uniqueness of proper copulas and part ([2]) of Proposition El we know that 
<j* T ,_ 1 ^(A) is the proper s-copula associated with <j*(C R ). Thus the last equation 
becomes 

r s -iK s -x{C R+ {i}) = k s (C r ) + K s (a*(C R )), 
and we are done. □ 
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We now touch on the relationship between stochastic inequality and extended 
marginals of copulas. 

We recall from [12] that to say A -<c B, where A and B are two n-copulas, means 
that A < B and cr*(A) < o~*(B) where a = c% = <J\<J2 ■ ■ ■ o n . If S C n, then we define 
As <c Bs to mean that A' -<c B' where A' and B' are the proper copulas associated 
with A and B respectively. 

Proposition 8. If A and B are n-copulas such that A -<c B, then for all S we 
have As -<c Bs- 

Proof. Choose S C n. Let s = card(S') and m = n — s. We let A' and B' denote 
the proper m-copulas of As and Bs respectively. If r is a proper permutation of A$, 
then we can write As = (A' ® I s ) ° r. Since As and Bs have the same inactive set, 
they have the same active set; hence r must be a proper permutation for Bs as well 
as As, and we can write Bs = {B' <g> I s ) o r. 

It then follows from A < B that A' <g> I s < B' <g> I s , and hence A' < S'. 

We now need only show that a^-(A') < a^-(B'). We know that o£(A) < <r£(B), 
so for any x G I n we have 

= <(A)(x s ) < = o%BMx). 

By imitating the proof of Proposition [6]J2]), we can show that 

<(A) S = {aUA') ®l s )or and o&B) s = ® I s ) o r. 

It then follows from ai(A) s < <4(S) S that cri-(A') < o^(S')- D 

3.4 The 2tf (Ct) notation 

The quantities that we now describe arise later, in a natural way, when we show how 
to compute the measure of concordance of £*(C), where £ is a reflection, in terms of 
the measures of concordance of marginals of C, or in deriving relations such as the 
Ubeda identities. 

Let k = ({K n }, { r n}) be a given measure of concordance. Now let us suppose that 

C is an n-copula, 
S, T are subsets of n, 
and t = card (T) . 

In everything that follows, we permit ourselves to indicate disjoint unions with the 
symbol + instead of U. That is, S + T denotes S U T with the understanding that 

5nT = 0. 

We define 

Stf (Ct) = r n _ t r n _ t _ 1 • • • r,- ^ ^(Ck+t) (3) 

Re(S-T)(n-j-t) 
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where this expression makes sense if < j, t < n. If (S — T)(n — j — t) = 0, then 
we take $lj(C T ) to be 0. If S = n or T = 0, then we feel free to omit them in this 
notation. Thus 

Slf(C)=r n r n _ 1 ...r J - ]T Kj (C R ), 

ReS(n-j) 

%( c t) = r n - t r n - t -i ■■■r j Kj{C R+T ), 

Re{n~T){n-j-t) 

% (C) = r n r„_! • • • rj ^ «j (C r ) . 

Ten(n-j) 

For example suppose C is a 4-copula, that S — {1,2, 3}, and T = {1}. Then 

2l 2 (C) = r4r3r 2 [/t 2 (C 12 ) + « 2 (C 13 ) + k 2 (Ci 4 ) + « 2 (C 23 ) + k 2 (C 24 ) + « 2 (C 34 )], 
Of (C) = W 2 [/s: 2 (C 12 ) + k 2 (C 13 ) + « 2 (c 23 )], 
af(C r ) = r3r 2 [« 2 (C 12 ) + « 2 (C 13 )]. 

Note 3. By the definition of »f (C r ) we have ^(C T ) = ^~ T (C T ), therefore we 
may, if we wish, when using this notation, assume that S and T are disjoint. 

If Ct is an extended copula and A is the associated proper copula, then 2tJ 
evaluated at Ct should be thought of as operating on A. For example, suppose 
n = m + 2, that A is an m-copula, and Ct = A <g> l 2 . Then 

5a,-(C7 T )=0,-(A) = r m ...r J - £ Kj (A R ). 

R£m(m—j) 

We first give some of the basic properties of the 21^ (Cr) notation. 

Proposition 9. Let C be an n-copula and R,S,T be subsets of n such that r = 
card(R), s = card(S), and t = card(T). Then the follwing hold: 

(1) 2l n _ t (Cr) = 5lf_ t (Cr) = r n _ t K n _ t {CT)- (I n particular, this is true for S = ®.) It 
follows that 

(C T ) = r„_ t r n _ t+1 ■ ■ ■ r J+1 ^ ^ {C T+P ) 

PeS(n-t-j) 

where < j < n — t, it is understood that r n ^ t r n -t+i • • - r j+i = 1 if j —n — t, and 
Q is any subset ofn. 

(2) ^_ r {C T ) = 0ifr>s + t. 
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(3) Ifi <£ S,T, then 

%f }+S (C T ) = 2tf (C r ) + r n _ t 2tf(C {i}+T ) 
where < j < n — t — 1 . 

(4) IfSnT = (bandO<n-]-t<r<s<n, then 

i?eS(r) v 7 

(5) If SC\T = andr, s,t,j are nonnegative integers such thatr < s and j +t+r < n, 
then 

r n -tr n -t-i ■ ■ ■ rn-t-r+i ^i. C T + R) = (" ~ ^ ~ J *f (Cr), 

where it is understood that r n _ t r n _ t _i ■ ■ •r n _ t _ r+ i = 1 if r = t = 0. 
Proof. (0Q) Since 5(0) = {0} and CV+0 = CV, we see that 

2t^_ t (C T ) = r n _t 2j «n-t(Cr+ii) = r n _tK n „i(C T ). 

The formula for 2lJ(Cr) in terms of 21^(C*t+p) then follows from the definition of the 
notation. 

(J2J) Because (S — T)(r — t) = if r — t > s, we have 

2lf_ r (C T ) = r n _ r • • • r n _t ^ /t n _ r (C R+T ) = 0. 

R£(S-T)(r-t) 

© We see that 
2lf +5 (C T ) = r n _ 4 ■■■r j ^(Cr+t) 

Re(({i}+S)-T)(n~j-t) 

= r n _ t ■■■r j 22 k j( c R+t) + r n -t ■■•r j ^2 K j( c {i}+T+p) 

Re(S-T)(n-j-t) Pe{S-T)(n-j-t-l) 

= 2lf(C T )+r n _ t 2lf(C w+T ). 
gD We see that 

PeS(r) ReS(r) PeR(n-j-t) 
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fs+j + t-n\ ^ 
\r + ]+ t — nj 



s + j + t — n 
s — r 



af(c 7 



where the middle step follows from Lemma [T]([T]) . 
© We have 

(Ct+r) = r n _t_ r • • • rj k^Ct+r+p) 

R&S{r) ReS(r) Pe(S-R)(n-j-t-r) 



^n—t—r ' ' 



}eS(n-j-t) 

where the last step comes from Lemma [HQ . The conclusion follows easily. □ 

We now examine properties that 21^ (Ct) "inherits" from the measure of concor- 
dance K. 

Proposition 10. Let C be an n-copula and R, S, T be subsets of n such that t = 
card (T) . Then the following hold: 

(1) If t is a permutation of I n , then 

Stf ((t*(C))t) = <~ 1(5) (CV-(T)) and 2tf (r*(C T )) = <~ 1(S) (C T ) 
where j and t are nonnegative integers such that j + t < n. 

(2) IfR + T = n, then 2lf K(C T )) = 2l, 5 (C T ). 

(3) £ Slf (aS(Cr)) = 0. 

RCn-T 

(4) Ifl + t<j + t<nandiEn-(SUT), then 

r n ^_ 1 (C T+m ) = ^(C T )+^(a*(C T )). 

Proof. ([1]) Suppose that r is a permutation of I n . We then see that 
^((r*(C)) T ) = r n . t m m ~ r j £ S ((r*(C)) T+P ) 

P6(S-T)(n-i-t) 

= r n _f-rj 2j ^'(^(C'r'-H^+r'-^P))) 

Pe(S-T)(n-j-t) 

= r n -f~rj Y K i(Cr'-l(T)+r'-l(P)) 

Pe(S-T)(n-j-t) 

21 



Qe(T'-i(S)-T'-i(T))(n-j-t) 
= <~ 1(S) (CV'- 1( T)). 

The other equality follows from the fact that t*{C t ) = r*((7) T /(x). 
(J2J) Using parts (jHJ) and ((Tj) of Proposition [5j we see that 
^K(Ct)) = *f (*£(C)t) 

Pe(S-T)(n-j-t) 
=r n _f- rj Y k M*R-p( C )t+p)- 

PG(S-T)(n-j-t) 

Now (R — P) + (T + P) = n, so by part (J2J) of Proposition we have 
a?(^(Pr)) = r n - t ■■■r J Y ^(C r+P ) = 21* (C T ). 

Pe(5-T)(n-i-t) 

© Note that 

RCn-T RCn-T p e (s~T)(n-j-t) 

=r n _f-Tj Y K j( a R-p( C )T+p) 

Pe(S-T)(n-j-t) RCn-T 

where the last step is justified by part (JTj) of Proposition [51 Now fix P G (S — T){n — 
j — t) and set p = n — j — t = card (P). If we are given a subset Q of n — (T + P) 
and we wish to find R such that Q = R — P and card (R n P)—k, then the number 
of ways we can do this is (y . Thus we can write 

v 

Y K j( a R-p( G )T+p) = Y E K j( a R-p( C )T+p) 
RCn-T k=0 RCn-T 

card (R(lP)=k 

=E(T) E «iWWT +P ). 

k=0 ^ ' QCn-(T+P) 

But by part (j3J) of Proposition we have 

Y K^ Q {C) T+P ) = 0, 

QCW-(T+P) 
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so we are done. 
(II) We see that 



r n -t%j-i(C T +{i}) = r n _ t ■ ■ -Tj-i E «i-i(Cr+{i}+K) 

Re(S-(T+{i}))(n-j-t) 

E [*i(CT+ii) + «i(o?(COr + Ji)] 



Re(S-T)(n-j-t) 



= %l{C T )+^{a*{C) T ). 
Thus the result is established. □ 

3.5 The <8?(C T ) notation 

It is convenient to introduce a notation Q3^(Ct) which is a simple variation of 2l^(Cr): 

®?(<3r) = E >%(CW) (4) 

Re{S-T)(n-j-t) 

where C is an n-copula and t = card(T). Thus 21^ (Ct) = r n _ t ■ ■ ■ (Ct)- 

Not surprisingly, one can prove propositions for 03^ (Ct) that are almost identical 
to Prop ost ions 191 and [TUl For Proposition[9j the corresponding statements are obtained 
by replacing 21 by 23 and eliminating all r^'s. Thus, for example, the equation 



-tfn-t-l ' ' 'fn-t-r+l 

R<=S(r) 



in Proposition [9]J5]) becomes 

£s8?(C T+fl ) = ( n - ] - ( )^(C T ). 

R&S{r) V y 

For Proposition (TUl the corresponding statements are obtained by replacing 21 by 53 
except for part (J3J) where the equation 

r^-iCOr+w) = Of (Ct) + Stf K(C T )) 

is replaced by 

^^(Ct+w) = ®f (Or) + ®?(0?(Or)). 

One might expect these results for 23^ (Ct) to be proved by simply dividing 21^ (Ct) 
by r n _f ■ ■ - Tj, however one does not know that all the r^'s are nonzero. But a quick 
reading of the proofs for the different parts of Propositions M and [TD] shows that they 
can, essentially, simply be duplicated for 23^ (Ct). 

We shall feel free to use these results and shall refer to them by phrases such as, 
"the property of 23^(Ct) corresponding to Proposition [TUl (k)." 
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4 Properties of a measure of concordance 



4.1 Previous results 

We recall some results from fT2 



Theorem 1. For every measure of concordance k = ({k u }, {r n }), the following is 
true: 

(1) If C and E are (n — 1)- and n-copulas respectively (where n>3) such that 

i/ien r n _ 1 « n _i(C) = + K n {a*{E)). 

(2) r„_i = 1 + K n (p*(M)) whenever \p\ = 1 or n — 1 and n>3. 

(3) ^2 = | ^3(p*(^0) = — 3 whenever \p\ = 1 or 2. 

Some n-copulas C have the property that for any given fc, where 1 < k < n, all 
the /c-marginals of C are equal. Simple examples of this are the n-copulas M and II. 

Theorem 2. J/C is an n-copula with the property that for each k satisfying l<k<n 
all of its k-marginals are equal, then for all measures of concordance k we have 
n n (p*(C)) = ft n (£*(C)) whenever \p\ = |£| or \p\ + |£| = n. 

Corollary 1. For all n>2 and all p and £ such that \p\ = |£| or \p\ + |£| = n ; we 

have K n {p*{M)) = K n {C{M)). 

4.2 Extending a bivariate measure of concordance 

Scarsini's axioms for a bivariate measure of concordance k 2 : Cop(2) — > R are equiv- 
alent to the following: 

51. k 2 (M) = 1 and k 2 (U) = 0. 

52. If C m — > C uniformly, then K 2 (C m ) —>■ k 2 (C) as m — >• oo. 

53. /«2(t*(C)) = k(C) whenever r is a permutation of I 2 . 

54. If A ^ c B, then w 2 (A) < k 2 {B). 

55. kK(C)) = K(a*(C)) = -k(C). 

We will show that a bivariate measure of concordance can always be extended to a 
multivariate measure of concordance in our sense of the term. 



24 



Theorem 3. Let k-i be a bivariate measure of concordance in the sense of Scarsini. 
Define k 2 + p ■ Cop (2 + p) — > R by 



Then k = ({n n }, {?"n})^2 ^ s a multivariate measure of concordance with r 1+p = 



Proof. The Normalization axiom can be seen as follows: If M G Cop (2 + p), then 



The verification that K2+ P (n) = is similar. 

To check the Continuity axiom, let us suppose that {Ck} is a sequence of (2 + p)- 
copulas which converge uniformly to C. For every T G 2 + p(p) we see that (Ck)r ~~ > 
Ct uniformly, and hence, since k 2 is a bivariate measure of concordance, we have 
K 2((Cfe)r) — ► k 2(Ct) as fe — > oo. It follows that K2+p(Cfc) - ► K 2+ P (C). 

The Monotonicity axiom follows from Proposition [SJ 

The Permutation Invariance, Duality, and RSP axioms all follow from the analogs 
to Propositions M ©, ©, and @J) for ©2(C T ). 

We wish finally to establish the TP axiom. We recall that r\ +p = 2p/(2 + p) 
and notice that by S5 we have K2(v*(Cr)) = —^{Cr) whenever Cr is an extended 
2-copula with 1 ^ R. Combining this last observation with Propositions [5] ([Zj) and 
(EJ), we see that 



«2+p(C) 



1 



<B 2 (C) forp>\. 




2p/{2 + p). 





We then compute for a (2 + p)-copula C, 




1 





R£2+p(p) 



R£2+p(p) 



1 




Re2+p(p) R£2+p(p) 



R£2+p(p) 




R,e2+p( P ) 

1ER 
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—r i +p Ki + p(Ci). 

Thus the result is established. □ 

Note 4. Such extensions are not unique. For example, Nelsen's extensions of Spear- 
man's rho and Kendall's tau in [5] differ from the construction used here. 

4.3 A reflection-reduction formula 

We show that K n ((c"u • • • cr iJ*(C)) can be written in terms of the measures of concor- 
dance of the marginals of C. 

Theorem 4. Suppose that C is an n-copula, that S and T are disjoint subsets ofn, 
and that s=card(S) and t=card (T). Then 

n—t 

WCn-t^Cr)) = (-ly-^rn-trn-t-vrj £ ^(C T+P ), (5) 

j=n-t-s P(zs(n-t-j) 

or, equivalently, 

n—t 

%u°s{Ct))= e ( o* 1 *- j *j«'>)- (6) 

j=n—t—s 

We write out some examples of this formula using the (cr^ • • • a is )*{C) and Cj v ..j k 
notation. This sort of notation may well seem more natural and easier to understand 
when carrying out low- dimensional calculations. On the other hand, the o~* s {C) and 
2tj (CV) notations can be more useful for such tasks as expressing the general formula 
(EJ) concisely and correctly. 

Example 6. Suppose that C is an n-copula and S = {ii, ■ ■ ■ , i s }CM. 
The s = 1 case: 

r n K„(cr*(C)) = r n r n _i/c n _i(C il ) - r n K n (C). 

This is simply the Transposition Property trivially rearranged. 
The s = 2 case: 

r n K n ((a h a i2 y (C)) = r n r n ^ir n ^n-2(C hi2 ) 

~ r n r n-l [ K n-l(Cu) + K n _i(Cj 2 )] + r n K n (C). 

The s = 3 case: 

r n re n ((cri 1 cri 2 cr i3 )*(C)) = r ri r n _ir n _ 2 r„-3/«n-3(Ciii 2 i3) 

— r n r n-l r n-2 [ K n-2(Ciii 2 ) + K n-2(Cjii 3 ) + K n— 2(^813)] 

K n-1 (C i2 ) + (c i3 )} 

~ r n^n{C) . 
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Proof of Theorem^ We proceed by induction with respect to s. 

The result is trivially true for s = 0. Suppose it has been established for s and we 
wish to extend it to s + 1. Let S be a subset of n such that s = card (S) and let i be 
an element of n such that % S. We will establish the formula for Ql^l^ S (Ct)- 

We first notice that we can combine Proposition [9](l3j) and Proposition HE)]® to 
obtain 

a?(*?(Cr)) = 2l« +5 (CV) - Slf.iCCr) - (C r ). (7) 
We now make use of our induction hypothesis and (J7J): 

%n-t(cr* {t}+s (C T )) = % n „ t (a* s (<T*(C T ))) 

n—t 

= E (-l) n ^' ^K(Ct)) 

j=n— t— s 
n-t 

= E (-l)^^"N^(^)-^-i(Or)-a?(Or)]- 

j=n—t—s 

This last sum, when written out, is found to telescope to 
n-t-i \ 

E (-l)"-*- s - 1+ %f +S (C T ) - VC m (Ct) + SCt(Or). 

\n— t— s — 1 / 

Now Vin-t-s-iiCr) = by Proposition El part Q2D, and S^_ t (C T ) = r n „ t K n _ t (C T ) = 
%-n-t & ' \Ct) by Proposition [9], part <^j; thus the theorem is established. □ 

4.4 A complementarity principle 

Theorem 5. Let C be an n-copula and R, S , and T disjoint subsets ofn such that 

n = R + S + T, r = card(R), s = card(S), and t = card (T) . 
Then for every measure of concordance k we have 

n—t n—t 

E(-i) r+J a?(c T ) = E(" 1 ) s+J (CW- ( § ) 

j=s j=r 

Proof. We know by Proposition 0J2]) that 

r n _ t K n _ t (a* R (C T )) = r n _ t K n ^ t ((a R a R+s )*(C T )) = r n _ t K n _ t (a* s (C T )). 
By Theorem H] we then have 

n—t n—t 

E (-l) n - t_r+ - , '2tf(C T )= E (-l) n ~ t_s+j 2tf(CT), 

j=n—t—r j=n—t—s 

which is the desired result. □ 
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Example 7. Suppose we take C to be a 4-copula, R = {1, 2}, S 1 = {3, 4}, and T = 0. 
Then ® is 

4 4 

which, since 5l£ (C) = Stf (C) by Proposition EUI]), reduces to 

3 3 

^(-iy2lf(C) = ^(-iy2lf(C). 

j=2 i=2 

Recalling that r 2 = 2/3 and making the (very reasonable) assumption that r%, r$ ^ 0, 
this further reduces to 

2 2 

K3(Ci) + K 3 (C 2 ) - - K 2 (Ci2) = K 3 (C 3 ) + K 3 (C 4 ) - - ^2(^34)- 

Note 5. The existence of relations such as the one in this example suggest that it 
may be possible to use Theorem [5] to investigate the compatibility of marginals for 
a copula, a question which is certainly of interest. We do not pursue that line of 
thought here. 

4.5 Ubeda identities 

It was brought to our attention by M. Ubeda Flores that if C is a 3-copula, then 

«3(C) = l ~ MCi) + K 2 {C 2 ) + K 2 {C 3 )). 

This turns out to be the first in an infinite list of identities in which the measure of 
concordance of an odd- dimensional copula can always be expressed in terms of the 
measures of concordance of its even- dimensional marginals. In general these identities 
involve the constants {r n }; we have a 1/3 in the identity for the 3-copula because the 
fact that T 2 = 2/3. 

Theorem 6. Let {7a,.} be the sequence of constants defined by 

1 




. for p > 1 . 



If C is an n-copula, flCn with r = card(R), and n — r > 2p + 1, then for p > 1 we 
have 

= j^lp-^^l^ACR). (9) 
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Proof. We may, without loss of generality, assume R = and prove (Q with r = 0. 
The transition to the case involving C R is then made by noting that (Q holds for the 
proper copula of Cr. 

Step 1. Suppose C is a (2p + l)-copula. Then by Proposition [T0f!2l and Theorem 
HJ we have 

2l 2p+ i(C) = a 2p+ i(<7^ Fr (C')) = 2l 2 (C) - 2l 3 (C) + • • • - 2l 2p+1 (C), 
from which it follows that 



*2 P+ i{C) = ~ ( J> 2i (C) - f> 2i -i(C) ) . 

\j=l j=2 J 



(10) 



Equation (TTOT) will also hold if C is not a (2p + l)-copula but rather an extended 
(2p+ l)-copula. That is, it will hold if C = Er where E is an n-copula with n > 2p+l 
and R is a subset of n with card(i?) = n — 2p — 1. 

Step 2. We verify (Q for the case p = 1. 

Let C be an n-copula with n > 3 and choose i? G n(n — 3). Let T = n — R. By 
Proposition [I0]J2]), we have ^(a* T (C R )) = Ql 3 (C R ). It then follows from Theorem l 
and k = Ki = that 

3 

%(C R ) = ^2(-l)%(C R ) = X 2 (Cr) - %(C R ). 

j=0 

Thus X 3 (C R )=7 1 X 2 (C R ). 
We next consider 213(C). 

a 3 (C)=r n ..-r 3 ^ « 3 (C fl ) 

Ken(n-3) 

= r n ---r 4 2J ^(Cfl) (r n - • -r 4 = 1 if n = 3) 

i?Gn(n-3) 

= 7iT n ---r 4 21 2 ((7r) (result above) 



: 7i r r, 



■r4r 3 r 2 ^ «2(CWs) (definition of 21) 



R£n{n-3) Se(n-R)(l) 

/ n 



t 2 ) E ^(Ctf+s) (Lemma mjlD) 



T€n(n- 2 ) 
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We conclude Step 2 by noting that if C — Er where E is an n-copula and r 
card(i?), then 

2l 3 (£*)=7i ( n ~ r ~ 2 ) K 2 {E R ). 



Step 3. Suppose that for a given p > 2 we have verified equation (jUJ) for ^g+i^i?) 
for all m-copulas E and i? C fn for which r = card(-R), 2q+ 1 < m — r, and g < p — 1. 
We then take C to be an n-copula with 2p + 1 < n and calculate thus: 



2l 2p+ i(C) = r n ---r 2p+2 ^ P +i{C R ) (Proposition E]©) 

REri(n-2p— 1) 



: r ra ' ' " ?"2p+2 



E i 



Ken(n-2p-l) 

2 r n - - - r 2p+2 ^ 

_R6rT(n-2p-l) 



3=1 k=2 
p p k—1 



j'=i 



fc=2 i=l 



2p -2j + l 
k ~ j ^2k-2j 



(equation (TTOT) ) 



(induction hypothesis) 



2 r n - - - r 2p+2 E 

_Ren(n-2p-l) 



j = l fc=j + l v 



.i=i 



2 r n - - - r 2p+2 E 

Ken(n-2p-l) 



p-1 



7* 



i=i 



i=i 



2(p-i) + i 

2z - 1 



n ■ • • r 2 P +2 

E E7p-i+i^(C. 

Rm{n-2p-l) j=l 

P 



R 



: E 7p-i+i " 2 /- 1 J ^ ^ ( Pr °P° sition TO)- 



n - 2j 



Thus the result is established. 
Example 8. One readily calculates that 



□ 



1 1 1 17 

7i =2' 72 = 7s = 2' 74 = — g-- 



Then from equation ([9]) one sees the following: 
If C is a 3-copula, then 



If C is a 5-copula, then 



rMC) = ~X 2 (C) + ±Vk(C). 
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If C is a 7-copula, then 

t 7 k 7 {C) = \ 2t 2 (C) - i SU(C7) + 1 2t 6 (C). 

If C is a 9-copula, then 

t 9 k 9 (C) = 2t 2 (C) + ^2l 4 (C) - i 216(C) + ^2t 8 (C). 

One may "divide out" r 2p+1 in these examples to obtain formulas of the form 
"fc 2 p+i(C) = • ■ • •" We can do this not because we know r 2p+1 7^ but because one 
can repeat all the underlying, relevant proofs with 21, (Cr) replaced with expressions 
without the leading r n and of the form r n _ir n _ 2 • • • rj ^ ^•((Tr+t). The 

Te(n-R)(n-r-j) 

situation is analogous to that for 25^ (Cy). 
4.6 An asymptotic result 

Suppose that we compute n s (C s ) for the copula C s of the random vector ■ • • , X s ) 
and then consider a new, enlarged random vector • ■ ■ , X s , X s+ i, ■ ■ ■ , X s+P ) where 
each new random variable X s+ k is a monotone increasing function of, let us say, X\. 
If C s+P is the copula of the new random vector, then one is tempted to suspect that 
k s+p (C s+p ) — > 1 as p — > 00. However, this is often not the case. 

To see this, consider the random vector (e\X, e 2 X, • • • , e n X), where X is a fixed, 
continuous random variable, = —1 for exactly s of the i's, and = 1 for all 
the other i's. The n-copula of this random vector is a* s (M) for some S C n with 
s = card(C). We know by Corollary [1] that K n (a* s (M)) depends only on n and s and 
not on the particular subset S of n with which we are working. We can investigate 
the question raised above by considering the behavior of /t n (cr^(M)) if s is held fixed 
and n — ► 00. 

Theorem 7. If s = card(S) > where S C n, then 

= (-ir + E(- 1 ) fe+s f J!) r »-i • • - r ^- ( n ) 
fc=i 

Proof. Notice that for n — s < j < n we have 

2lf(M) =r n ---r 3 ^ Kj (M R ) = 
ReS(n-j) 

Then from Theorem H] we obtain 

n 

r n K n (a* s (M)) = (- 1 ) 

j=n-s 



S 

n- j 




31 



We can "divide out" r n as we did when dealing with the 23^ (Ct) notation. This gives 
us equation (fTTj) . □ 




r. If s is held fixed while 



Now for the examples of measures of concordance in [12] for which it is clear 
that r n — > r — for instance, Nelsen's generalizations of Spearman's rho and Kendall's 
tau — we find that r = 1. Thus for those examples, n n (a s (M)) — > provided s > 0. 
However, if we look at the construction used here to extend a bivariate measure of 
concordance to a multivariate one, we see that 



so that K n (a s (M)) — > 1 as n — > oo. 
4.7 Questions 

We briefly consider a few questions or possible lines of investigation that suggest 
themselves. We take k = ({k„}, {r n }) as a measure of concordance. 

1. For all examples with which we are familiar, r n > for all n > 2. Is this true in 
general? We also find for all our examples that there is an r such that r n — > r. 
Again, is this true in general? 

2. Find the minimum value of K n (C) where C G Cop(n). Does this always occur 
at some C = <j* s (M)1 Does the minimum depend only on the r n 's or does the 
choice of k matter? 

3. Given an n-copula A, find an (n + l)-copula B such that B\ = A and n n+ i(B) 
is a maximum (or a minimum). 

4. Given an n-copula C, can we specify a minimal, finite set {K m (C^)} of mea- 
sures of concordance of marginals of C which would be sufficient to compute 
k p (<t s (Ct)) for all p and all S,T C n? Given such a set {n m (Cji)}, can we find 
an "efficient" algorithm to compute the maximum and the minimum values of 



2p 



2 as p — > oo, 



ri+p 



2+p 



K p (a* s (C T ))l 
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5. The examples of measures of concordance with which we are familiar have the 
property that if A and B are n-copulas and < t < 1, then K n ((l — t)A + tB) is 
either a first or second degree polynomial in t. One can clearly extend this idea 
to talk about measures of concordance of degree m. Is it possible to characterize 
measures of concordance of a fixed degree, to exhibit some sort of canonical form 
for them? (This has been done for bivariate measures of concordance of degree 
one in [3], [I], and [5].) 
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